We present a theoretical formalism for the calculation of attosecond delays in molecular photoionization. It is shown how delays relevant to one-photon ionization, also known as Eisenbud-WignerSmith delays, can be obtained from the complex dipole-matrix elements provided by molecular quantum scattering theory. These results are used to derive formulae for the delays measured by two-photon attosecond interferometry based on an attosecond pulse train and a dressing femtosecond infrared pulse. These effective delays are first expressed in the molecular frame where maximal information about the molecular photoionization dynamics is available. The effects of averaging over the emission direction of the electron and the molecular orientation are introduced analytically. We illustrate this general formalism for the case of two polyatomic molecules. 
I. INTRODUCTION
In recent years, the techniques of attosecond spectroscopy have led to observation and control of electron dynamics in atoms, molecules and solids. One important branch of attosecond spectroscopy was initiated by the study of the real-time dynamics of photoionization, starting with photoemission from solids [1-3] and single-photon ionization of atoms [4, 5] . These measurements have explored the natural attosecond time scale on which photoelectrons leave the parent species [6] [7] [8] [9] with a recent emphasis on the role of atomic resonances [10, 11] . In the case of atoms, the accepted interpretation of these measurements relies on the Eisenbud-Wigner-Smith time delay that can be defined for most scattering processes and more or less universal delays caused by the measurement [12] [13] [14] [15] . Photoemission from solids is a much more complicated process in which the atomic contributions to the delay should also be important [2, 16, 17] . The field of photoemission delays has been comprehensively reviewed in Ref. [18] .
Attosecond photoionization delays from molecules have received surprisingly little attention so far, presumably because of the associated experimental and theoretical complexity.
Very recently, we have reported measurements of photoionization delays of N 2 O and H 2 O molecules [28, 29] together with a brief summary of a theory that is fully outlined and developed in this article. Previously reported theoretical approaches to time-resolved molecular photoionization comprise calculations based on the solution of the full time-dependent Schrödinger equation for relatively simple prototypical systems such as H + 2 ( [19] [20] [21] [22] [23] [24] ), or restricted one-dimensional single-active-electron models of diatomic molecules ( [25, 26] ).
Delays for one-photon ionization of N 2 and CO calculated using a Schwinger variational procedure were reported in [27] . In Section II of this article, we argue that the definition of the photoionization delays given in Ref. [27] is incorrect. More importantly, we show that there is no simple additive relation between one-photon-ionization delays of molecules and those measured by attosecond interferometry. This difference between atoms and molecules arises from the fact that (i) molecules lack spherical symmetry such that multiple partial waves are required in the description of the initial bound state and (ii) the photoionization matrix elements depend on the orientation of the molecule relative to the ionizing radiation, such that delays measured in partially to randomly aligned molecules differ from those measured in the molecular frame in a non-trivial manner. Despite its inherent complexity, the understanding of molecular photoionization delays will however offer an attractive bridge between the complex world of the condensed phase and the transparent case of atoms. It also constitutes an essential step in extending attosecond metrology to molecular forms of matter, comprising clusters, liquids and solids.
We now discuss the novelty of the information that can be obtained from attosecond timeresolved measurements of photoionization delays, as compared to more traditional variants of photoelectron spectroscopy. A complete description of photoionization within the dipole approximation requires the knowledge of the amplitude and phase of the transition dipole matrix elements from the bound initial state to the final continuum states. Photoelectron spectroscopy is frequently used to measure energy-and final-state resolved partial cross sections. These cross sections can be expressed as a sum of squared magnitudes of partial-wave matrix elements and are therefore not sensitive to the phase of these matrix elements. Photoelectron angular distributions, in contrast, are defined by interference between different partial waves and are therefore sensitive to the phase shifts between degenerate continua [30] . However, time-independent measurements can only determine phase differences between photoelectron continua belonging to the same ionization threshold. Phase relations between ionization continua corresponding to different ionization energies cannot, in principle, be measured because the corresponding photoelectrons have a different kinetic energy.
The techniques of time-domain spectroscopy do enable such measurements, provided that the bandwidth covered by the ionizing radiation exceeds the energetic separation of the considered ionization thresholds. Measurements of photoionization delays in molecules do therefore provide qualitatively new information on the dynamics of photoionization which is not accessible to frequency-domain methods. For this reason, comparisons of such measurements with theory are particularly interesting because they test a previously unexplored aspect of scattering calculations.
This article is structured as follows. Section II defines time delays in molecular photoionization. Starting from the (Eisenbud-Wigner-Smith) delays associated with single-photon ionization, defined in the molecular frame, we show how the delays measured by attosecond interferometry are obtained, first in the molecular frame and then in the laboratory frame. Section III illustrates these results for the case of two recently experimentally in- 
II. TIME DELAYS IN MOLECULAR PHOTOIONIZATION
The concept of time delay was introduced by Wigner [31] and Eisenbud [32] from a timedependent perspective in the context of the scattering of wavepackets composed of spherical waves. By defining the concept of a "dwell time", Smith [33] arrived at an expression connecting the time delay with the properties of stationary eigenstates, in particular the S-matrix. While these concepts were restricted initially to the special case of short-range potential scattering, the concept of time-delay was shown after appropriate modifications to be transferable to systems subject to Coulomb interaction [34, 35] , a situation relevant for the case of photoionization. In the next section, we apply this concept to the case of molecular photoionization and outline the calculation of molecular time delays form state-of-the-art molecular quantum scattering theory currently employed in the theories of photoionization and photoelectron spectroscopies. The treatment of molecular targets involves several conceptual difficulties that have to be accommodated in the time-delay formalism introduced by Smith. These include, in addition to the presence of multiple channels, the angular dependence introduced by the directional dependence of the photoelectron on the one hand and the orientation of the molecule with respect to the laboratory-frame axes on the other hand. We first consider the case of single-photon ionization, whereby we first employ the "angular time delay" concept as introduced by Froissart, Goldberger and Watson [36] to treat the angular dependence of molecular photoionization and discuss the procedure for averaging over the photoemission angle and the molecular orientation. Considering the fact that current experimental schemes targeting photoionization time delays involve the interaction with a second laser pulse, displaced in time relative to the ionizing extreme-ultraviolet (XUV) radiation, we next consider the case of two-photon ionization by one high-frequency (typically XUV) photon and one low-frequency (typically infrared, IR) photon. This case is relevant for experiments relying on interferometry with attosecond pulse trains (APT), also used in the reconstruction of attosecond beating by interference of two-photon transitions (RABBIT) scheme [37] . The effects of spatial averaging over the photoelectron emission angle and the molecular orientation are also discussed.
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A. One-photon-ionization delays
Throughout this text, we use the method of single-center partial-wave expansion around the center of mass to study the photoionization of molecular targets. The actual scattering calculation is performed numerically using ePolyScat [38, 39] , which is based on the Schwinger variational principle [40] . The formalism employed in the current section closely follows the notation employed in [41] . For brevity, the notation is restricted to the singlechannel case, but generalization to the multi-channel case is straightforward. As discussed in [42] , the scattering operator in terms of which Smith's time delay definition is constructed, can be related to the photoionization matrix element. The photoionization dipole matrix elements expressed in the length gauge are of the general form:
where |Ψ i is the initial state, r is the position operator andn denotes the polarization wavefunction is expanded into partial waves:
wherek ≡ (θ k , φ k ) denotes the emission direction of the photoelectron with the asymptotic momentum k in the molecular frame of reference. The partial-wave states Ψ f,lm (−) ( r) are solutions of the Lippmann-Schwinger equation defined in [40] . The dipole moment operator r ·n can be written explicitly in spherical tensor formξ mp ≡ r ·n = rY 1mp (r ) where m p = 0 for linearly and ±1 for circularly polarized light andr denotes the position operator defined with respect to the laboratory frame (LF). In our treatment, the photon polarization (propagation direction) is chosen to define the Z-axis of the LF in the case of linear (circular)
polarization. The relation between this frame and the molecule-fixed frame (MF) employed in eq.
(1) can be expressed in terms of the Euler angles (R γ ≡ (α, β, γ)) defined in fig. 1 that rotate the laboratory frame into coincidence with the molecular frame. In the molecular frame, the dipole-transition operator reads:
where
mk (R γ ) denotes the Wigner matrix element. Therefore one can expand the dipole moment I i,f defined in (1) as: Following the reasoning of Froissart, Goldberger and Watson [36] , we can define the "angular time delay" in the context of molecular photoionization as:
Equation (5) defines a delay associated with single-photon ionization for photoemission along the directionk in the molecular frame for a particular orientation (R γ ) of the molecule with respect to the ionizing radiation. In the following, we refer to such quantities as emission-angle (or short angle-) and target-orientation (or short orientation-) resolved delays.
We note that Eq. (5) differs from the definition given in Eq. (4) of Ref. [27] , which we consider to be incorrect. Equation (5) indeed represents the energy derivative of the complex photoionization amplitude, which represents the group delay of the outgoing photoelectron wave packet, in line with the historical work in Refs. [32, [43] [44] [45] and the recent review article [18] . In contrast, Eq. (4) of Ref. [27] associates the photoionization delays with the derivative of the wave function of the continuum electron, which is not an adequate definition.
The formula given in eq. (5) cannot be directly applied to describe an experimental situation sampling the time delay only as a function of one of the solid anglesk orR γ while the resolution with respect to the other is absent. The correct procedure for performing spatial averaging over τ (E,k,R γ ) must take into account the contribution of a particular emission direction to the total photoionization cross section. The method to achieve this consists in weighting the delay associated with a particular set of anglesk andR γ with the corresponding cross section:
This expression defines the one-photon-ionization delay averaged over both emission angles and target orientation, i.e. the result of a non-angle-resolved measurement on a randomlyoriented molecular sample. A formula similar to expression (6) for the case of scattering on a short-range potential has been derived and discussed by Nussenzveig [45] [46].
B. Two-photon delays in molecular photoionization
Angle-and orientation-resolved delays
In the following we derive the two-photon matrix elements describing photoionization delays measured by a combination of XUV and IR laser pulses, typical of attosecond interferometry. In doing so, we make the following assumptions. First, the XUV photon energy Ω is assumed to be much larger than the relevant ionization potential (I p ) of the molecule. This allows one to ignore bound-state contributions to the two-photon matrix elements. Second, ionization pathways in which the XUV photon is absorbed after the IR photon of energy ω are neglected. The two-photon ionization matrix element for a fixed-in-space target in the molecular frame (MF) is then given by:
where Ψ f, k (−) ( r) and Ψ i are the final and initial states defined in the preceding section, while |ν denotes an intermediate continuum state with energy ε ν . We choose a Hartree-Fock wave function description for the initial state |i , as implemented in ePolyScat. Generalization to configuration-interaction wave functions is straightforward. We now perform a singlecenter partial-wave decomposition of the initial-state Ψ i = lm R n,l Y lm (r) and intermediate-
Since we restrict our analysis to the case where the energy of the XUV pulse exceeds the ionization potential of the system, the integral over the intermediate states labelled ν in eq. (7) term and the Coulomb interaction [47] . Generalization to configuration-interaction wave functions and inclusion of orbital relaxation is conceptually straightforward.
We separate the final state given by eq. (2) explicitly in terms of radial and angulardependent parts:
where the radial solution R kL , corresponding to continuum momentum k, satisfies the proper incoming-wave boundary conditions,k captures the angular dependence of the ejected elec-
is the partial-wave phase shift that consists of a short-range (δ L (k)) and Coulomb (σ L (k)) part. The general expression in eq. (7) defines the two-photonionization amplitude for a fixed-in-space target in the molecular frame. Thus, the transition operatorsξ XUV/IR are tied to the MF. The polarizations of the XUV/IR fields, however, are defined with respect to the LF and correspondingly,ξ XUV /ξ IR have to be transformed to the MF according to eq. (3). From now on, the dependence of M ( k; ε i + Ω) on the target orientation will be denoted explicitly:
In addition, we 8 adopt the following convention for the indices for the polarizations of the XUV/IR fields:
After inserting all partial-wave expansions into (7) and evaluating the angle-dependent integrals, we obtain:
where . . . |. . . denotes the Clebsch-Gordan coefficient and T Lλl (k; ε κ ) is the radial part of the two-photon transition matrix element:
As in [14] , T Lλl (k; ε κ ) can be evaluated using the Dalgarno-Lewis approach. In the asymptotic region, we can write T Lλl (k; ε κ ) as:
Setting
results in:
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The quantity A κk can be identified as an IR-induced, "continuum-continuum" part of the two-photon amplitude as it does not depend on the target structure within the asymptotic approximation used here. One can also identify the photoionization matrix element corresponding solely to the XUV-absorption step:
We note that eq. (16) corresponds to the complex-conjugate of the PI-matrix element defined in [41] . With these auxiliary definitions, the matrix element
can be cast in a concise form:
where the orientation-dependent coefficients b
(R γ ) are defined as:
In the following, we discuss the two-photon delays accessible in a RABBIT measurement.
Up to this point, our equations are valid for both linearly and circularly polarized radiation -coefficients will be omitted for brevity. The angle-resolved intensity of a photoelectron sideband corresponding to energy 2qω (q ∈ N ) created in an attosecond interferometry experiment is given by:
= 2qω − I p and
The angle-and orientation-resolved delay in the finite-difference approximation [14] reads:
. (22) This quantity contains the maximal available information about the attosecond photoionization dynamics and can be written as a sum of two terms:
The structure of eq. (23) shows that measurements of molecular photoionization delays in the MF by attosecond interferometry, just as their atomic counterparts, can be interpreted in terms of a continuum-continuum contribution (or measurement-induced delay) [5, 14] ,
which only depends on the involved photon energies. However, the angular momentum addition describing the interaction with the IR photon leads to a non-trivial modification of the angle dependence of the two-photon-ionization delays compated to their one-photon counterpart that we factorize into a molecule-specific contribution [29] :
Although molecular photoionization delays can, in principle, be measured with angular resolution for fixed-in-space molecules, such experiments have not been reported to date. We therefore now subsequently discuss the effect of angular and target-orientation averaging.
Effect of averaging over emission angle and target orientation
In the following, we describe the application of these results to several possible configurations of experimental interest. We first introduce the effect of averaging over the emission anglek of the photoelectron. A product of the form of eq. (22) is easily uniformly averaged overk by exploiting the orthonormality of the spherical harmonics, leading to:
This quantity represents the delay measured from perfectly oriented molecules by averaging over the emission angle of the photoelectron.
Measurements of molecular photoionization delays have so far only been reported for unaligned samples [29] . This situation is described by additionally averaging over all molecular orientations, leading to
Molecular photoionization delays could also be measured by aligning and orienting molecules in space using non-resonant laser pulses [48] [49] [50] [51] or by post-selection in coincidence/covariance experiments for cases where dissociative photoionization pathways can be cleanly separated and the axial-recoil approximation is valid. In all such cases, averaging must be performed over a characteristic axis distribution A(R γ ) and the corresponding delays are given by
Finally, a measurement of angle-resolved delays could be performed for a randomly aligned molecular sample. This situation is described by uniformly averaging overR γ only, but not overk:
C. Comparison to the atomic case
At this point, it is pertinent to outline the differences between the molecular case discussed so far and the result for an atomic system. Specifically, we compare Eq. (15) from this article with Eq. (24) of Ref. [14] .
The first difference arises from the lack of spherical symmetry of molecules and applies both in the molecular and in the laboratory frames. The absence of spherical symmetry requires the summation over , the angular-momentum quantum number of the partial waves involved in the expansion of the initial bound state. In contrast, the initial bound state of atoms can be described by a single value of . Additionally, exploiting the Fano propensity rule [52] , which states that the transition → + 1 strongly dominates over the transition → − 1, the phase of the two-photon matrix elements for atoms can be reduced to a sum containing the scattering phase η +1 (κ) and the cc-phase (the argument of Eq.
(14) in this article), as done in Ref. [5] . Consequently, the two-photon delay accessible in angle-integrated RABBIT measurements of atoms can be written as
i.e. as a sum of a one-photon-ionization delay (the Wigner delay) and a continuum- For these reasons, the two-photon delays in molecular photoionization cannot be written as a sum of a one-photon-ionization delay and a universal continuum-continuum contribution. In other words, there is no simple additive relation between τ (2q,R γ ) and τ 1hν (2q,R γ ) in the molecular case. However, owing to the independence of τ cc on the values of the angularmomentum quantum numbers, one can still isolate a "continuum-continuum contribution" (see Eq. (23)), but the residual τ mol (2q) has no simple relation to τ 1hν (2q). Consequently, the effect of the probing IR field on the delays measured in the molecular case cannot be represented by a simple, universal quantity. Instead, one has to first evaluate Eq. (19), followed by Eqs. (25) to (29), depending on the case of experimental interest.
The second difference to the atomic case is the dependence of all matrix elements on the orientation of the target molecule, i.e. the dependence on the Euler anglesR γ , which is explicitly given in the preceding equations. The dependence of the delays onR γ is very pro-nounced, as we show below, and it plays a crucial role in averaging over the axis distribution, which is relevant for all experiments. The non-trivial aspect of the orientational-averaging arises from the fact that Eqs. (27) to (29) represent coherent integrals over complex quantities. This fact can completely change the energy-dependence of τ mol (2q), as we illustrate in Section III.C below. We show that the coherent averaging over molecular orientations can shift the position of the maximal delay caused by a shape resonance by ∼ 7 eV when comparing the one-photon-ionization delays τ 1hν with the molecular part of the two-photon delays τ mol .
III. APPLICATIONS
We apply the expressions derived in the preceding section to the case of two polyatomic molecules that have recently been investigated experimentally using attosecond interferometry, i.e. The same quantities are illustrated in fig. 3 for the case of one-photon ionization from thẽ These delays are first strongly positive for small angles (0.5 − 0.8 rad), then change rapidly in the region from 1 to 2.4 rad and finally reach large negative values as evident from the "ridge" located at θ > 2.5 rad. With increasing energies, the angular dependence of the delays becomes smoother, the sole exception being a narrow feature (θ ≈ 0.5 − 0.6 rad) associated with strongly negative values of the delays. The transition to the π-continuum shown in fig. 2b contains a very broad and weak shape resonance centered at around 38 eV [61] .
It is presumably the broadness of this resonance that leads to smearing out of the angular features in this region. Regions of large positive, abruptly followed by large negative delays are observed at θ ≈ 1rad and around 35 eV, this feature becoming progressively less negative and moving towards higher angles with increasing energy.
In contrast to the non-uniform behaviour of the time delays in both channels of thẽ A + 2 Σ + -continuum of N 2 O, the angular maps for the corresponding photoionization transitions in H 2 O are essentially monotonic. The predominantly negative delays and the relatively subtle angular dependencies (at least in Fig. 3b ) reflect the dominant effect of the attractive Coulomb potential on the photoionization delays. The main exception to this trend is the narrow negative ridge centered at θ ≈ 1 rad extending through the entire energy range in Fig. 3a . This structure has an intuitive interpretation. Since theÃ + 2 A 1 state of H 2 O + is well described by an electron being removed from the 3a 1 orbital of dominant atomic p-character (see inset in Fig. 3a) , the continuum is dominated by s-and d-waves. Since s-waves are spherically symmetric, whereas the d-waves accessible by symmetry change sign at the magic angle (θ ≈ 54.7
• ≈ 1.05 rad), the total photoionization matrix elements to the continuum of a 1 symmetry display a rapid variation of their amplitude and phase around 1 rad, which manifests itself as a local extremum in the photoionization delays. Photoionization by radiation polarized perpendicular to the C 2 symmetry axis leads to the continuum of b 1 symmetry (Fig. 3b) Having outlined the relationship between the angle-resolved molecular delays and the structure of the corresponding continuum for one particular target orientation, we now turn to the effect of angular averaging over the photoemission and/or orientation directions. . These effective photoionization delays, just like the one-photon-ionization delays, have a non-trivial dependence on the anglesk andR γ . Since these delays can however be written as a sum of an angle-independent term (eq. (24)) and an angle-dependent part (τ mol (2q,k,R γ ), eq. (25)), we now illustrate the latter quantity for values ofR γ selected by symmetry. In the following, the IR photon energy is chosen to be 1.55 eV, corresponding to the most-frequently-used central wavelength of 800 nm, and the XUV photon energy is treated as a continuous variable.
In analogy to the preceding section, we show in figs. 5 and 6 the emission-angle-resolved two-photon delays for the transitionsX We first compare in Fig. 7 the one-and two-photon-ionization delays for selected orien- differ substantially between the one-and two-photon-ionization delays. This is a consequence of the non-universal effect of the probe photon on molecular two-photon-ionization delays.
In a second step, we now investigate the even more significant impact of the additional averaging over the target orientation. Figure 8 shows the corresponding one-and two- 
after averaging over both photoemission direction and molecular orientation. again in the region of the shape resonance. The angle-and-orientation-averaged one-photonionization delays are however much smaller in magnitude than their only-angle-averaged counterpart in Fig. 7a . The effect of orientational averaging on one-photon-ionization delays in this case therefore mainly consists in reducing their magnitude. In contrast to this, orientational averaging has a much more dramatic effect on the two-photon-ionization delays. Comparing the red curve in Fig. 8a with the red curves in Fig. 7b , we find that the maximum in the orientation-averaged two-photon-ionization delays is shifted downwards by ∼ 7 eV to a photon energy of ∼26 eV.
The seemingly surprising difference in the effects of orientational averaging on the oneand two-photon-ionization delays can be understood by inspection of Eqs. (6) and (19) .
Whereas the orientation dependence of the one-photon-ionization delays arises from the presence of a single Wigner rotation-matrix element, the orientation dependence of the twophoton matrix element involves a sum over products of two Wigner rotation-matrix elements.
This more complex dependence enables much richer interference phenomena to take place in the coherent-averaging process. In the present case, we find that the orientational average can shift the position of the maxima in the two-photon-ionization delays by a substantial amount. The generality of this result will be investigated in future work.
In the case of the water molecule, illustrated in Fig. 8b , the differences between angleaveraged one-and two-photon delays are much less pronounced, which is most likely a consequence of the lack of structure in the photoionization continuum of H 2 O considered here.
Both the one-and the two-photon-ionization delays monotonically decrease as a function of energy but the two-photon delays are slightly lower in magnitude than for the one-photon case. Finally, we point out that the theoretical results described in this article are supported by the experimental results reported in Ref. [29] .
IV. CONCLUSIONS
In this article we have developed a theory for calculating one-and two-photon ionization delays of arbitrary molecules using ab-initio quantum scattering calculations. Starting with an expression connecting the single-photon-ionization matrix elements and the concept of Our work thus establishes the foundation for the calculation and theoretical analysis of the photoionization of molecules on attosecond time scales. Interesting applications and refinements of this work will include the analysis of electron correlation phenomena in molecular photoionization.
